Abstract. Let G be a finitely generated pro-p group of positive rank gradient. Motivated by the study of Hausdorff dimension, we show that finitely generated closed subgroups H of infinite index in G never contain any infinite subgroups K that are subnormal in G via finitely generated successive quotients. This pro-p version of a well-known theorem of Greenberg generalises similar assertions that were known to hold for non-abelian free pro-p groups, non-soluble Demushkin pro-p groups and other related pro-p groups. The result we prove is reminiscent of Gaboriau's theorem for countable groups with positive first ℓ 2 -Betti number, but not quite a direct analogue. The approach via the notion of Hausdorff dimension in pro-p groups also leads to our main results. We show that every finitely generated pro-p group G of positive rank gradient has full Hausdorff spectrum hspec F (G) = [0, 1] with respect to the Frattini series F. Using different, Lie-theoretic techniques we also prove that every finitely generated non-abelian free pro-p group F has full Hausdorff spectrum hspec Z (F ) = [0, 1] with respect to the Zassenhaus series Z. This resolves a long-standing problem in the subject of Hausdorff dimensions in pro-p groups.
Introduction
We study the subgroup structure of finitely generated pro-p groups that resemble free pro-p groups. Here and throughout, p denotes a prime number and, as usual in the context of profinite groups, subgroups are tacitly assumed to be closed.
To make this explicit, we write H ≤ c G, respectively H ≤ o G, to indicate that a subgroup H is closed, respectively open, in G. Furthermore, group-theoretic notions, such as generating properties, are considered topologically.
The classical Schreier index formula motivates the following notion, first introduced in [30] . The (absolute) rank gradient of a finitely generated pro-p group G is RG(G) = inf . . of open subgroups that provide a base of neighbourhoods of the identity element; the limit exists, because the sequence of rational numbers is monotone decreasing and bounded. In practice, it is convenient to work with descending chains of open normal subgroups G i , i ∈ N 0 , that intersect in the identity; we call such chains filtration series, or filtrations for short.
The class of pro-p groups of positive rank gradient includes, for instance:
• finitely generated non-abelian free pro-p groups;
• non-soluble Demushkin pro-p groups, which occur as Galois groups of maximal p-extensions of local fields containing all pth roots of unity (e.g., see [42] ); • pro-p analogues of limit groups, defined and studied in [26] ;
• finite free pro-p products of non-trivial finitely generated pro-p groups, with at least two factors and excluding C 2 ∐ C 2 (compare [39, Thm. 2.3]); • pro-p completions of groups of positive p-deficiency, as constructed in [41] or arising from similar constructions in [38, Cor. 1.2]; • pro-p completions of certain Golod-Shafarevich groups, as seen in [10] .
Recall that K ≤ c G is subnormal in G if there exists a finite descending sequence of subgroups G = K 0 K 1 . . . K s = K, with K i normal in K i−1 for i ∈ {1, . . . , s}. A well-known theorem of Greenberg [17] implies that a finitely generated subgroup ∆ of a finitely generated, non-abelian free discrete group Γ has finite index in Γ if and only if ∆ contains a non-trivial subnormal subgroup of Γ. Our first result is a version of Greenberg's theorem in the context of pro-p groups.
Definition. We say that a subgroup K ≤ c G is subnormal via finitely generated successive quotients if there is a subnormal chain G = K 0 K 1 . . . K s = K such that each factor K i−1 /K i , for i ∈ {1, . . . , s}, is finitely generated. Theorem 1.1. Let G be a finitely generated pro-p group of positive rank gradient, and let H ≤ c G be a finitely generated subgroup. Then the following are equivalent: (1) H contains an infinite subgroup of G that is subnormal via finitely generated successive quotients; (2) H contains an infinite normal subgroup of G; (3) H is open in G.
In particular, every subgroup K ≤ c G that is subnormal via finitely generated successive quotients satisfies: K is finitely generated if and only if K is either finite or open. While we discovered Theorem 1.1 in a different way, it can also easily be proved by adapting Shusterman's approach, the key ingredient being a simple, but effective argument of Abért and Nikolov [2, Prop. 13] (where the condition |N | = ∞ should be added). The point of view that an assumption on the increase in the number of generators upon passing to finite index subgroups (e.g. positive rank gradient) forms a good framework for proving generalisations of Greenberg's theorem is already expressed in [45] . It remains an interesting problem to find out which consequences of the more special results mentioned above hold, in fact, for all pro-p groups of positive rank gradient. Furthermore, Theorem 1.1 is reminiscent of a theorem of Gaboriau [16, Thm. 6.8] for countable groups with positive first ℓ 2 -Betti number; possible connections between these notions and results are discussed in Section 2.2. We are grateful to Steffen Kionke for drawing our attention to Gaboriau's theorem.
Our proof of Theorem 1.1, indeed our motivation for proving it, stems from the study of Hausdorff dimensions of subgroups in pro-p groups of positive rank gradient. The concept of Hausdorff dimension is commonly employed to measure the sizes of fractals and subsets of general metric spaces; see [15, 40] . In [8] , Barnea and Shalev initiated the use of Hausdorff dimension to study the distribution of closed subgroups in finitely generated pro-p groups; see also Shalev's survey article [43, §4] . This idea has led to many interesting applications; compare the references given in [24] .
Let G be a finitely generated infinite pro-p group with a filtration S : G i , i ∈ N 0 . Then, S induces a translation-invariant metric on G; the distance between x, y ∈ G is d S (x, y) = inf{|G : G i | −1 | x −1 y ∈ G i }. It is known that the Hausdorff dimension of a closed subgroup H ≤ c G with respect to d S can be obtained as a lower limit of logarithmic densities:
The Hausdorff spectrum of G with respect to S is the set
The Hausdorff dimension function and the resulting Hausdorff spectrum depend significantly on the choice of the filtration S. With respect to general filtration series rather unexpected features can be observed, for a wide range of groups, including the groups considered in this paper; compare [24, Thm. 1.5]. Consequently, one typically concentrates on Hausdorff dimension with respect to standard group-theoretic filtration series of the pro-p group G, such as: the Frattini series F, the Zassenhaus series Z (also known as the dimension subgroup or Jennings-Lazard-Zassenhaus series), or the p-power series P; these are defined as follows:
Another natural choice of filtration, the lower central p-series, leads to somewhat unexpected effects in terms of Hausdorff dimension; compare [24] . One of the key features of Hausdorff dimension is that it agrees with the usual dimension of smooth submanifolds of euclidean space. Pleasingly, something similar holds in the p-adic setting: closed subgroups of p-adic analytic pro-p groups, being p-adic analytic themselves, yield only finitely many values of Hausdorff dimensions with respect to F, Z and P; see [8, Thm. 1.1] and [24, Prop. 1.5] . Whether this property characterises p-adic analytic groups among finitely generated pro-p groups is a long-standing open problem; see [24] for a partial positive answer, valid for soluble groups. While the Hausdorff spectra of finitely generated non-abelian free pro-p groups were perhaps suspected to be quite large, no proof was found to show that they are merely infinite, with respect to F, Z or P, say. In this paper we confine ourselves -similar to Shalev [43, §4.6] -to the Frattini series, the Zassenhaus series and related filtration series. For the groups we study, the p-power series is beyond current knowledge; even estimating the indices |F : F p i | of the terms of the series, for finitely generated non-abelian free pro-p groups F , amounts to estimating the corresponding Burnside numbers which are largely unknown.
Our main results solve problems highlighted in [8] and [43, §4.6] ; in particular, they finally remove non-abelian free pro-p groups from the list of potential counter-examples to the desired characterisation of p-adic analytic pro-p groups G by the finiteness of their Hausdorff spectra, with respect to F or Z.
For the Frattini series F, we can, in fact, remove a much larger class of potential counter-examples, by virtue of the techniques used to prove Theorem 1.1. Theorem 1.2. Let G = H 1 × . . . × H r be a non-trivial finite direct product of finitely generated pro-p groups H j of positive rank gradient. Then G has full Hausdorff spectrum hspec F (G) = [0, 1] with respect to the Frattini series F.
For the Zassenhaus series Z, we rely quite naturally on Lie-theoretic methods, which do not readily extend from free groups to more general groups of positive rank gradient. We also employ Hall's commutator collection process to translate between certain subgroups and Lie subalgebras of the associated free restricted Lie algebra. Theorem 1.3. Let G = F 1 × . . . × F r be a finite direct product of finitely generated free pro-p groups F j , at least one of which is non-abelian. Then G has full Hausdorff spectrum hspec Z (G) = [0, 1] with respect to the Zassenhaus series Z.
It is worth comparing Theorem 1.3 to what was previously known about the Hausdorff spectrum hspec Z (F ) of a single non-abelian free pro-p group F ; see [43, §4.6] . Lietheoretic arguments can be used to deduce with relative ease that non-trivial normal subgroups of F have Hausdorff dimension 1 with respect to Z. In addition, Shalev [43, Thm. 4 .10] sketched a high-level argument to locate finitely many rational values of the form e −1 , for certain e ∈ N, in the Hausdorff spectrum hspec Z (F ), but stressed at the time that it was "unclear how to construct subgroups of F whose Hausdorff dimension is irrational."
Demushkin pro-p groups are, by definition, Poincaré duality pro-p groups of dimension 2 and thus can be regarded as pro-p analogues of surface groups; indeed, the pro-p completions of orientable surface groups are Demushkin groups. In this way they are rather close to free pro-p groups. Demushkin groups also occur naturally in algebraic number theory, as indicated above. We refer to [47, Sec. 12.3] for the classification of Demushkin groups of depth q = 2 and further details; Demushkin groups of depth q = 2 are treated in [29, 42] . The next result can be established by adapting our proof of Theorem 1.2.
Typical examples of iterated verbal filtrations are the Frattini filtration and the iterated p-power series defined by
. × E r be a non-trivial finite direct product of finitely generated pro-p groups E j , each of which is either free or Demushkin. Suppose that at least one factor is non-soluble. Let S : G i , i ∈ N 0 , be an iterated verbal filtration of G. Then G has full Hausdorff spectrum hspec
It is, of course, an interesting open problem to extend Theorem 1.3 to non-soluble Demushkin pro-p groups and, perhaps, more generally to finite direct products of free and Demushkin pro-p groups, as in Theorem 1.4.
Another natural direction of further research is to study the Hausdorff spectra of pro-p right-angled Artin groups (defined analogously to the discrete case). Above we already formulated our results to cover the basic case of direct products of free pro-p groups and more general direct products. As a supplement, we can also describe the Hausdorff dimensions of normal subgroups in such direct products.
The normal Hausdorff spectrum of a finitely generated pro-p group G, with respect to a filtration S, is hspec [43, §4.7] and [23] . Theorem 1.5. Let G = H 1 × . . . × H r be a non-trivial finite direct product of finitely generated pro-p groups H j of positive rank gradient. For 1 ≤ j ≤ r, set α j = hdim F G (H j ), with respect to the Frattini series F. Then G has normal Hausdorff spectrum hspec F (G) = { j∈J α j | J ⊆ {1, . . . , r}} with respect to F. Theorem 1.6. Let G = E 1 × . . . × E r be a non-trivial finite direct product of finitely generated pro-p groups E j , each of which is either free or Demushkin. Suppose that at least one factor is non-soluble. For 1 ≤ j ≤ r, set α j = hdim F G (E j ), with respect to an iterated verbal filtration S of G. Then G has normal Hausdorff spectrum hspec S (G) = { j∈J α j | J ⊆ {1, . . . , r}} with respect to S. Theorem 1.7. Let G = F 1 × . . . × F r be a finite direct product of finitely generated free pro-p groups
Let S be an iterated verbal filtration of G and let Z be the Zassenhaus series of G. Then G has the normal Hausdorff spectra
Organisation. Theorem 1.1 and Theorem 1.2 are proved in Section 2. In Section 3, we extend the techniques used for the Frattini series to other filtration series that are defined by taking iterated verbal subgroups and prove Theorem 1.4. In Section 4, we prove Theorem 1.3. The required Lie-theoretic methods, involving free (restricted) Lie algebras over the finite field F p and the Lie-theoretic notion of density, are discussed there. Theorems 1.5, 1.6 and 1.7 are proved in Section 5. Throughout the paper we highlight questions arising from our work.
Groups with positive rank gradient and the Frattini series
In this section we establish Theorems 1.1 and 1.2, working with Hausdorff dimensions with respect to the Frattini series. We also present an alternative and more direct proof of Theorem 1.1, which was later suggested to us by Mark Shusterman. It is based on an idea that is used in the proofs of [2, Prop. 13] and [45, Thm. 2.7] .
Since the Frattini filtration encodes subgroup generation, it is naturally linked to rank gradient. Other filtrations encode different properties of subgroups, linked to as yet unexplored group invariants, analogous to rank gradient. Our proof of Theorem 1.1 in the language of Hausdorff dimension allows for generalisations in this direction.
2.1. Finitely generated subgroups. We say that a closed subgroup H of a finitely generated pro-p group G has strong Hausdorff dimension with respect to a filtration S :
is given by a proper limit. We begin with an elementary, but central lemma.
Lemma 2.1. Let G be a finitely generated pro-p group of positive rank gradient, with a filtration S :
(1) If H ≤ c G is finitely generated and |G :
First suppose that H ≤ c G is finitely generated and |G : H| = ∞. Then each d(H ∩G i ) can be bounded by means of the Schreier index formula applied to H ∩ G i ≤ o H, and |G : HG i | tends to infinity as i does. This yields
Now suppose that H ≤ c G is infinite. Then, similarly, each d(HG i ) can be bounded by means of the Schreier index formula applied to HG i ≤ o G, and |HG i : G i | tends to infinity as i does. This yields
We require two further auxiliary results, which are closely related to one another.
Proposition 2.2. Let G be a finitely generated pro-p group of positive rank gradient, and let H ≤ c G be finitely generated with |G : H| = ∞. Then H has strong Hausdorff dimension hdim F G (H) = 0 with respect to the Frattini series F of G. Proof. We show that hdim F G (H) ≤ 1 /n for any given n ∈ N, and from the argument it will be clear that H has strong Hausdorff dimension.
We write F :
and hence
Proposition 2.3. Let G be a finitely generated pro-p group of positive rank gradient, and let N c G be an infinite normal subgroup. Then N has strong Hausdorff dimension hdim F G (N ) = 1 with respect to the Frattini series F of G. Proof. We write F : G i = Φ i (G), i ∈ N 0 , and observe that
Hence it suffices to show that the upper limit on the right-hand side equals 0 and the Hausdorff dimension will automatically be strong. Proceeding in a similar way to the proof of Proposition 2.2, we show that the upper limit is at most 1 /n for any given n ∈ N. Again, log p |G i : G i+1 | = d(G i ) for i ≥ 0, and we observe that
From Proposition 2.2 we deduce the following corollary.
Corollary 2.4. Let G be a finitely generated pro-p group of positive rank gradient, and let F denote the Frattini series of G. Then the following hold.
(1) If A, B ≤ c G are such that AB = {ab | a ∈ A, b ∈ B} ≤ c G is a subgroup and A is finitely generated with |G : A| = ∞, then hdim
The claim follows from (1), upon taking B = K and A = a 1 , . . . , a d such that AB = H.
We are ready to prove our first result, Theorem 1.1.
Proof of Theorem 1.1. The implications (3) ⇒ (2) ⇒ (1) are straightforward, and it remains to show (1) ⇒ (3). Suppose that H contains an infinite subgroup K ≤ c G that is subnormal via finitely generated successive quotients. This means: K ≤ c H with |K| = ∞ and there is a subnormal chain
. . , s}, is finitely generated. By Proposition 2.2 it suffices to show that hdim F G (K) = 1, where F denotes the Frattini series of G. Choose j ∈ {0, 1, . . . , s} maximal with respect to |G :
, the ith term of the Frattini series, is contained in K j . Replacing G by Φ i (G) and all other subgroups by their intersections with Φ i (G), we may assume without loss of generality that
As indicated above, we briefly record an alternative argument that is similar to the one used in the proofs of [2, Prop. 13] and [45, Thm. 2.7] .
Second proof of Theorem 1.1. As in the first proof, it suffices to show (1) ⇒ (3). Suppose that H, K ≤ c G and
We show that, for U o G,
this yields the required contradiction, because RG(G) > 0 and |G : H|, |K| = ∞. Observe that
We conclude that
The claim (2.1) follows from (2.2), (2.3) and (2.4).
2.2.
Rank gradient and ℓ 2 -Betti numbers. Theorem 1.1 can be regarded as a pro-p analogue of Gaboriau's theorem [16, Thm. 6.8] for countably infinite groups with positive first ℓ 2 -Betti number; we refer to [35] for general background. Several results in the literature point to a relationship between the rank gradient and the first ℓ 2 -Betti number of finitely generated groups. Let Γ be a finitely generated, infinite, residually finite group and denote its first ℓ 2 -Betti number by b 
for any descending chain S : Γ i , i ∈ N 0 , of finite-index normal subgroups Γ i f Γ with trivial intersection i Γ i = 1. In fact, in all known examples, the two quantities coincide, but it is not known whether this is true in general.
In order to provide a link between Γ and the rank gradient of its pro-p completion, it is useful to introduce the (relative) mod-p homology gradient (or p-rank gradient) of Γ with respect to a descending chain S : Γ i , i ∈ N 0 , consisting of finite-p-power-index normal subgroups and intersecting trivially; it is
Notice that, if the completion Γ S with respect to S coincides with the pro-p completion Γ p of Γ, then the (relative) mod-p homology gradient coincides with the rank gradient of Γ p .
In general, it is not known under what conditions the equality RG
We thank Andrei Jaikin-Zapirain for pointing this out to us. Every group Γ with positive mod-p homology gradient has exponential subgroup growth and, if Γ is finitely presented, it virtually maps onto a non-abelian free group; see [31] and [32] , respectively. Inspired by Lück's approximation theorem for finitely presented residually finite groups, Ershov and Lück [14] showed that RG p (Γ, S) ≥ b (2) 1 (Γ) for every finitely generated infinite group Γ, equipped with a descending chain S of finite-p-power-index normal subgroups that have trivial intersection. In particular, for every residually finite-p group Γ with b It would be of considerable interest to prove an analogue of Theorem 1.1 for finitely generated, residually finite discrete groups. However, this is beyond the scope of the present paper. Without any extra work, we can state at least a partial result in this direction.
Corollary 2.5. Let Γ be a finitely generated, residually finite-p group of positive mod-p homology gradient, with respect to a descending chain of subgroups S such that Γ S coincides with the pro-p completion Γ p . Suppose further:
( †) For every finitely generated subgroup ∆ ≤ Γ with |Γ : ∆| = ∞ the closure ∆ in Γ p satisfies | Γ p : ∆| = ∞.
Then every finitely generated subgroup of Γ that is subnormal via finitely generated successive quotients is either finite or of finite index in Γ.
Proof. Let ∆ ≤ Γ be subnormal via finitely generated successive quotients and assume for a contradiction that ∆ is finitely generated, infinite and of infinite index in Γ. Then, in accordance with our hypothesis, ∆ ≤ c Γ p has the corresponding properties, in contradiction to Theorem 1.1.
Remark 2.6. The condition ( †) in Corollary 2.5 is weaker than being p-WLERF in [13] , but imposes a noticeable restriction. For instance, non-abelian-free groups have to be excluded: it was shown in [6] that, for any m ∈ N 0 , the subgroup ∆ = x[y, x], y, z 1 , . . . , z m of the free group Ψ on m + 2 elements x, y, z 1 , . . . , z m is dense in the pro-nilpotent topology of Ψ (and thus, in the pro-p topology for any p) but of infinite index in Ψ (and, in fact, isolated). We thank Michal Ferov for alerting us to this example. A slight modification shows that any group Γ that is a free product of a virtually non-abelian-free group and any other finitely generated group does not satisfy ( †).
Question 2.7. Identify examples of finitely generated, residually finite-p groups of positive mod-p homology gradient that satisfy condition ( †) in Corollary 2.5.
Some potential candidates include the examples constructed in [38] and [41] .
Remark 2.8. The arguments in the second proof of Theorem 1.1 can be used verbatim to prove an analogue of Corollary 2.5 for finitely generated, residually finite groups Γ of positive rank gradient, where the pro-p completion Γ p is replaced by the profinite completion Γ. We do not pursue this line of investigation here, but merely point out that the analogue of ( †) in this setting is a weaker assumption, since free discrete groups do satisfy it; compare [18, Thm. 5.1].
We end this section with another natural question. It appears that all currently known examples of finitely generated pro-p groups of positive rank gradient have positive p-deficiency (which gives a lower bound for the rank gradient), or satisfy a similar condition.
Question 2.9. Is there a finitely generated pro-p group of positive rank gradient whose p-deficiency in the sense of [41] (and in any similar sense) is 0? 2.3. Hausdorff spectrum with respect to the Frattini series. Consider a direct product G = A × B of finitely generated pro-p groups A and B, equipped with a filtration series S : G i , i ∈ N 0 , and let S| A : Despite these difficulties the proof of [24, Thm. 5.4] can be slightly modified to yield the following convenient tool for investigating the Hausdorff spectra of finite direct products of pro-p groups. Proposition 2.10. Let G = H 1 × . . . × H r be a finite direct product of countably-based pro-p groups H j , equipped with a filration S :
Suppose that 0 ≤ ǫ < δ ≤ 1 are such that, for each j ∈ {1, . . . , r}, the group K j has strong Hausdorff dimension hdim
Then the Hausdorff spectrum of G satisfies (ǫ, δ] ⊆ hspec S (G).
Our strategy for proving Theorem 1.2 is to apply this result in a situation, where the K j c H j are infinite normal subgroups of infinite index, with Hausdorff dimension δ = 1, and such that ǫ can be taken to be 0.
Lemma 2.11. Let G be a finitely generated infinite pro-p group, and let N c G be a finite normal subgroup. Then RG(G/N ) = |N | RG(G).
We thank Mikhail Ershov for pointing out to us that the next result is essentially proved in [7, Thm. 3 
.1].
Proposition 2.12. Let G be a finitely generated pro-p group of positive rank gradient. Then G admits an infinite normal subgroup N c G such that G/N has positive rank gradient. Consequently, G is not commensurable to any just infinite pro-p group.
Proof. Following [7] , for each normal subgroup N c G, we define s(N, G) to be the infimum, over all (countable) sets X of normal generators of N in G, of the quantity x∈X p −ν(x) , where ν(x) = sup{k ∈ N 0 | x ∈ G p k } for each x. We observe that Theorem 3.1 in [7] , which is stated and proved for finitely generated discrete groups, translates almost verbatim to the pro-p context:
As RG(G) > 0, we find k ∈ N such that RG(G) − p −k > 0. As G is infinite, so is the open normal subgroup G p k , and we find among a finite generating set at least one element x ∈ G p k G p k+1 whose normal closure N = x G is infinite. We observe that s(N, G) = p −k and conclude that
Repeating the above procedure, we find an ascending chain N = N 1 N 2 . . . of normal subgroups of G such that the factor groups N i+1 /N i , i ∈ N, are infinite. In particular, G has infinitely many commensurability classes of normal subgroups. This implies that G is not (abstractly) commensurable to a just infinite pro-p group. Corollary 2.13. Let G be a finitely generated pro-p group of positive rank gradient. Then G has an infinite normal subgroup N c G with |G : N | = ∞.
Proof. Assume, for a contradiction, that G has no infinite normal subgroup N c G with |G : N | = ∞. Using Zorn's Lemma we see that G has a just infinite quotient G/N whose kernel N must be finite. Lemma 2.11 implies that G/N has positive rank gradient, in contradiction to Proposition 2.12.
Proof of Theorem 1.2. Let G = H 1 × . . . × H r be a non-trivial finite direct product of finitely generated pro-p groups H i of positive rank gradient. Observe that the Frattini series F of G decomposes as the product of the Frattini series F j of the direct factors H j for 1 ≤ j ≤ r.
By Corollary 2.13, for each j ∈ {1, . . . , r}, the group H j has an infinite normal subgroup N j c H j with |G j : N j | = ∞. From Proposition 2.3 we deduce that N j has strong Hausdorff dimension hdim
Let G be a finitely generated pro-p group equipped with a filtration S : G i , i ∈ N. Let H ≤ c G be finitely generated with |G : H| = ∞. In order to prove that H has strong Hausdorff dimension hdim S G (H) = 0, in analogy to Proposition 2.2, it suffices to find i 0 ∈ N and an unbounded monotone increasing sequence (m i ) i≥i 0 such that
For, if (3.1) holds, then we obtain for i ≥ i 0 ,
Moreover, the argument shows that H has strong Hausdorff dimension hdim
G (H) = 0. Similarly, if N c G is an infinite normal subgroup, we can prove that N has strong Hausdorff dimension hdim S G (N ) = 1 in analogy to Proposition 2.3, once we have identified i 0 ∈ N and an unbounded monotone increasing sequence (m i ) i≥i 0 such that
As above, let H ≤ c G be finitely generated with |G : H| = ∞ and let N c G be infinite normal. A natural way to guarantee that conditions (3.1) and (3.3) hold is to identify an unbounded increasing sequence (m i ) i∈N such that (a)
One way of ensuring that (b) holds is by requiring that G i+1 be a verbal subgroup of G i , for each i. Recall that a verbal subgroup of a group G is one generated by all values w(g 1 , . . . , g r ), for g 1 , . . . , g r ∈ G, of group words w = w(X 1 , . . . , X r ) in a given set W. Examples of filtrations satisfying this include the Frattini series, which we already covered, and the iterated p-power series defined in Section 1. One could even take different sets W i of words at each stage to define G i .
One way of ensuring that (a) holds is, for instance, by arranging that G i maps onto the free pro-p group on
Proof of Theorem 1.4. The main task is to extend Propositions 2.2 and 2.3 to the situation, where (i) G is either a finitely generated non-abelian free pro-p group or a non-soluble Demushkin pro-p group and (ii) the Hausdorff dimension function is associated to an iterated verbal filtration S : G i , i ∈ N 0 , of G. In particular, G has positive rank gradient.
First suppose that H ≤ c G is finitely generated and that |G : H| = ∞. Lemma 2.1 ensures that for each n ∈ N, there exists
Now, if G is free, then so is each G i ; hence G i maps homomorphically onto the direct product of n copies of H ∩ G i . It is known that, if G is a non-soluble Demushkin group, then so is G i ; compare [11, 3, 42] . In this case G i maps homomorphically onto a free pro-p group of rank ⌊d(G i )/2⌋ and consequently onto the direct product of ⌊n/2⌋ − 1 copies of H ∩G i ; compare [47, Thm. 12.3 .1] and [29, 42] 3) holds. From this we derive that hdim S G (N ) = 1. Now let G = E 1 × . . . × E r be a non-trivial finite direct product of finitely generated pro-p groups E j , each of which is either free or Demushkin, and let G be equipped with an iterated verbal filtration S : G i , i ∈ N 0 . Suppose further that E 1 is non-soluble. In order to deduce that hspec S (G) = [0, 1] from Proposition 2.10, as in the proof of Theorem 1.2, we only need to explain how to deal with possible soluble direct factors E j in the decomposition of G. Indeed, let E = E j be one of these soluble factors. Then each of the groups E ∩ G i , i ∈ N 0 , is of the form 1, C 2 , Z p or Z p ⋉ Z p and can be generated by at most 2 elements. From this we deduce that
for an unbounded monotone increasing sequence (m i ) i≥i 0 , by an argument very similar to the one given above for H ≤ c G.
Remark 3.1.
(1) Perhaps it is not too surprising that our approach works for filtrations whose terms are recursively defined as verbal subgroups, because such filtrations grow at least as fast as the Frattini series. To wit, it is not hard to show that every proper verbal subgroup of a finitely generated pro-p group G is contained in the Frattini subgroup Φ(G) of G, because the elementary abelian p-group G/Φ(G) has no proper non-trivial verbal subgroups.
(2) It is an interesting open problem to identify further finitely generated pro-p groups of positive rank gradient -apart from free and Demushkin groups -for which the conclusion of Theorem 1.4 holds, possibly even by a similar reasoning.
Non-abelian free pro-p groups and the Zassenhaus series
This section contains the proof of Theorem 1.3 which relies on Lie-theoretic techniques. In the context of graded (restricted) Lie algebras, the concept of density, which we recall in Definition 4.3, is a natural counterpart to the notion of Hausdorff dimension.
Results for free Lie algebras in [5, 37] imply that non-zero ideals and finitely generated graded subalgebras of free (restricted) Lie algebras have density 1 and 0, respectively. A Lie-theoretic counterpart to Proposition 2.10 yields that free (restricted) Lie algebras have full density spectrum. To obtain the full Hausdorff spectrum for free pro-p groups from that of free restricted Lie algebras, we employ Hall's collection process and show that, to a sufficient degree, there is a partial correspondence between subgroups of a free pro-p group and subalgebras of the associated free restricted F p -Lie algebra.
It would be very interesting to see whether these methods can be made to work for other pro-p groups that resemble free pro-p groups and the corresponding (restricted) F p -Lie algebras. Already the case of one-relator groups poses challenges. 
where γ i (G) denotes the ith term of the lower central series of G. Each Z n (G) is open in G and the Zassenhaus series provides a filtration of G; compare [12, Sec. 11.3] . Note that each quotient R n (G) = Z n (G)/Z n+1 (G) is an elementary abelian p-group, which can be regarded as an F p -vector space. The direct sum
naturally carries the structure of a finitely generated graded restricted ( Remark 4.2. For every prime p, the p-Zassenhaus series of a discrete group Γ is defined in the same way as for pro-p groups and gives rise to a corresponding graded restricted F p -Lie algebra. If Γ is finitely generated, with pro-p completion G = Γ p , the quotients Γ/Z n (Γ) are canonically isomorphic to G/Z n (G) for n ∈ N. Furthermore, the associated restricted F p -Lie algebra R(Γ) is canonically isomorphic to R(G); this observation plays a role in the proof of Theorem 1.3.
If Γ is free on d ≥ 2 generators, then G = Γ p is a free pro-p group on d generators, and R(Γ) ∼ = R(G) is the free restricted Lie algebra on d generators, equipped with the natural grading; see [33, Thm. 6.5] .
The density of subalgebras in graded restricted F p -Lie algebras and in graded F p -Lie algebras is defined as follows; see [37, 5] for related notions, indeed closely related for graded subalgebras. Definition 4.3. Let R = ∞ n=1 R n be a graded restricted F p -Lie algebra such that each homogeneous summand R n is finite dimensional. For each m ∈ N, denote by I m = ∞ n=m R n , the ideal of R consisting of all elements of degree at least m. Let S be a restricted Lie subalgebra of R. For each n ∈ N, put S n = (S ∩ I n ) + I n+1 ∩ R n so that S grd = ∞ n=1 S n is a graded restricted Lie subalgebra of R. The density of S in R is defined as
.
The density spectrum of the graded restricted Lie algebra R is defined as dspec(R) = {den R (S) | S a restricted Lie subalgebra of R}.
Analogously, we define the density of Lie subalgebras S in a graded F p -Lie algebra L = ∞ n=1 L n , with finite dimensional homogeneous summands L n , and we employ the same notation.
In our setting, G is a finitely generated pro-p group with associated graded restricted F p -Lie algebra R(G). The Hausdorff dimension of a subgroup H ≤ c G with respect to the Zassenhaus series Z of G coincides with the density of the associated restricted Lie subalgebra
in the converse direction, if the restricted Lie subalgebra R G (H) is finitely generated, so is the subgroup H. In general, however, the mapping H → R G (H) from closed subgroups of G to restricted Lie subalgebras of R(G) is neither injective nor surjective. Furthermore, the respective minimal numbers of generators may change substantially; in particular, a finitely generated subgroup need not produce a finitely generated restricted Lie subalgebra. For specific groups G, the situation may be considerably better; but little in this direction seems to be known. For instance, the following question appears to be open. Question 4.4. Does there exist a finitely generated subgroup H of a non-abelian free pro-p group F such that the restricted Lie subalgebra R F (H) is not finitely generated?
In Section 4.2 we compute the density spectrum of free (restricted) Lie algebras. In Section 4.3 we provide a bridge to the Hausdorff spectrum of the corresponding free pro-p groups; as indicated above, the transition requires some care.
4.2.
The density spectrum of finitely generated free (restricted) Lie algebras. Let d ∈ N with d ≥ 2. In this section, R denotes a free restricted F p -Lie algebra on d generators x 1 , . . . , x d , and L denotes a free F p -Lie algebra on x 1 , . . . , x d (embedded as a Lie subalgebra into R). The Zassenhaus series of R -or indeed, on a free prop group F on d generators, if we think of R as R = R(F ) -produces the natural grading R = ∞ n=1 R n associated with Lie words. This induces a compatible grading
In fact, for all practical purposes, R and L can be constructed as subalgebras of the free associative algebra A = F p x 1 , . . . , x d , turned into a restricted F p -Lie algebra via [u, v] = uv − vu and u [p] = u p for u, v ∈ A. From this perspective, the homogeneous components R n and L n arise as intersections of R, respectively L, with the F p -subspace A n spanned by all products of length n in x 1 , . . . , x d ; compare [4, §2] .
It is well-known that each homogeneous component L n of L is spanned, as an F pvector space, by linearly independent basic Lie commutators in x 1 , . . . , x d of weight n; compare [19, §11] or [4, §2] . We recall the relevant notions, which are equally relevant to discuss the free restricted Lie algebra R. (1) u, v are basic commutators with wt(u) + wt(v) = n, (2) u > v; and if u = [y, z] Lie with basic commutators y, z, then v ≥ z. Lastly, the total order is extended, subject to the condition that u < v whenever wt(u) < wt(v) and arbitrarily among the new basic commutators of weight n.
For the following fundamental result we refer to [4, §2 Thm. 1 and §2 Prop. 14].
Proposition 4.6. Let R = ∞ n=1 R n be the free restricted F p -Lie algebra on x 1 , . . . , x d , and let L ≤ R be the free Lie algebra on x 1 , . . . , x d , as above. For each n ∈ N, with n = mp j and p ∤ m, the F p -space R n is spanned by the linearly independent elements
Witt's formula gives dim Fp (L n ) = 
where n = mp j with p ∤ m as in Proposition 4.6. We obtain simple, but significant consequences for the dimensions of homogeneous components of R and L, including their relation to one another; see [22, Lemma 4.3] .
Lemma 4.7. In the setup described above,
Consequently, for every graded Lie subalgebra S ≤ R we have den R (S) = den L (S ∩L).
Proof. The estimates (1) and (2) are proved in [22, Lemma 4.3] . We justify the conclusion for graded Lie subalgebras S ≤ R. For i ∈ N we write
By (2), we have
Clearly, for n ∈ N the inequalities
, and passing to the lower limit as n → ∞, we obtain
The next lemma is elementary, but central for our constructions.
Lemma 4.8. Let M ≤ L be a Lie subalgebra. Suppose that M = y | y ∈ Y Fp , as an F p -vector space, and let S = M res. Lie ≤ R be the restricted Lie subalgebra generated by M . Then we have
Proof. The first equation is easily verified, using the defining properties of the p-map.
For the second equation, we may choose Y = {y 1 , y 2 , . . .} to be an F p -basis for M in the following way. Each basis element y i can be written as a linear combination of basic commutators; let c i denote the smallest basic commutator appearing in this expression, without loss of generality with coefficient 1. Arrange that these smallest terms form an ascending chain c 1 < c 2 < . . . of basic commutators. Using Proposition (4.6) and working modulo L, we see that the elements y [p] j , for y ∈ Y and j ∈ N, are linearly independent. Indeed, it is enough to monitor the appearance of the linearly independent elements c
in the decompositions of the elements in question, modulo L. In particular, we obtain
From [37, Thm. 4.1] we obtain the following useful consequence.
Proposition 4.9. Let L be a free non-abelian F p -Lie algebra on finitely many generators. If M L is a finitely generated proper graded Lie subalgebra, then den L (M ) = 0.
Example 4.10. We provide an explicit example of a finitely generated proper Lie subalgebra M L that has density den L (M ) = 1; this should be contrasted with [5, Thm. 1] . Suppose that L is free on {x, y}. Then the Lie subalgebra M = x + [x, y], y Lie does not contain x and is thus properly contained in L. Indeed, L maps, via x → 1 and y → D, onto the split extension
The image of M under this epimorphism is the proper subalgebra
On the other hand, the graded Lie algebra M grd , constructed in Definition 4.3, is equal to L; hence den L (M ) = 1. Proposition 4.9 implies, in particular, that proper graded Lie subalgebras of finite codimension in L are never finitely generated. It is now easy to manufacture, for any given
as the union of an ascending chain M (i), i ∈ N, of suitably chosen finitely generated graded Lie subalgebras, in analogy to the construction underlying Proposition 2.10. Below we provide a detailed argument, following closely an analogous argument for pro-p groups, given in [24, Proof of Prop. 5.2].
The purpose is to prepare the transition to a corresponding result for the free restricted Lie algebra R. This transition is not straightforward, because an analogue of the Schreier formula implies that every restricted Lie subalgebra S of finite codimension in R is finitely generated and thus constitutes a potential obstacle to an analogous construction; see [27, Thm. 2] and also [9] for the analogue of Schreier's formula. Proof. Recall that L is a free Lie algebra on generators x 1 , . . . , x d , for d ∈ N with d ≥ 2. Clearly, the trivial subalgebra {0} and L have densities 0 and 1, respectively.
Suppose now that α ∈ (0, 1). Observe that the sequence
is strictly increasing. It suffices to produce a Lie subalgebra M = i M i ≤ L which is generated by basic commutators such that
We construct such a Lie subalgebra M inductively as the union M = ∞ k=1 M (k) of an ascending chain of Lie subalgebras M (1) ⊆ M (2) ⊆ . . ., where each term M (k) = Y k Lie is generated by a finite set Y k of basic commutators of weight at most k and
denote the Lie subalgebra generated by Y 1 = {x 1 , . . . , x a }. Observe that M (1) is a proper finitely generated graded Lie subalgebra of L. Now suppose that k ≥ 2. Suppose further that we have already constructed a proper finitely generated Lie subalgebra M (k − 1) = Y k−1 Lie ≤ L which is generated by a finite set of basic commutators of weight at most k − 1, and that the inequalities in (i) hold for M (k − 1) in place of M and 1 ≤ n ≤ k − 1. For n ≥ k, consider
First suppose that β k ≤ α. Since
Let M (k) be the Lie subalgebra generated by
is a proper finitely generated graded Lie subalgebra of L and that the inequality in (i), respectively (ii), holds for M (k) in place of M and 1 ≤ n ≤ k, respectively n = k. Now suppose that β k > α. By Proposition 4.9, we find a minimal
, we return to the previous case for k 0 > k in place of k.
The proof of Theorem 4.11 does not simply carry over, mutatis mutandis, to free restricted Lie algebras, because Proposition 4.9 is lacking a direct analogue, as explained before. Nevertheless, we can deduce the analogous result as follows.
Corollary 4.12. Let R be a non-abelian restricted free F p -Lie algebra on finitely many generators. Then there exists, for each α ∈ [0, 1], a restricted Lie subalgebra S ≤ R that can be generated by basic commutators and satisfies den R (S) = α. In particular, dspec(R) = [0, 1].
Proof. For α ∈ [0, 1], Theorem 4.11 yields a Lie subalgebra M ≤ L, generated by basic Lie commutators and such that den L (M ) = α. Let S be the restricted Lie subalgebra of R that is generated by M . By Lemma 4.8, we have S ∩ L = M . Hence Lemma 4.7 implies that den
It is interesting to give a different, more direct proof of Corollary 4.12, which we proceed to do now. Proposition 4.13. If S is a non-zero restricted Lie subideal of the free restricted Lie algebra R then den R (S) = 1.
Proof. As den R (S) = den R (S grd ), we may assume that S is graded. Then M = S ∩ L is a non-zero graded subideal of the free Lie algebra L. By Lemma 4.7 and [5, Thm. 2], we have den R (S) = den L (M ) = 1.
Example 4.14. We provide an explicit example of a finitely generated restricted Lie subalgebra S ≤ R such that the Lie algebra S ∩ L is not finitely generated.
Indeed, suppose that R is free on {x, y} and L ≤ R, as before. Then the restricted Lie algebra S = x, y [p] res. Lie ≤ R induces the Lie algebra
which is not finitely generated. Certainly, L = x, y Lie maps onto the split extension The following proposition can be seen as a strong analogue of Proposition 4.9.
Proposition 4.15. Let S R be a finitely generated proper restricted Lie subalgebra such that dim Fp (R/S) = ∞. Then S has density den R (S) = 0.
Proof. By [27, Thm. 3] (also refer to [9] ), the restricted Lie subalgebra S is a free factor of a restricted Lie subalgebra U of finite codimension in R. Then U = S * T is a split extension U = S ⋌ I of I = ker(η) by S, where η : U → S denotes the retract that restricts to the identity on S and maps T to {0}. Since S has infinite codimension in R, we deduce that I = {0}. By [28, Lem. 10] Corollary 4.16. Let S be a finitely generated restricted Lie subalgebra of R. Then the following are equivalent: (1) S contains a non-trivial restricted subideal of R; (2) S has finite codimension in R; (3) S has density den R (S) = 1.
An alternative proof of Corollary 4.12 can now be obtained by modifying the proof of Theorem 4.11 as follows. The restricted Lie ideal N R generated by Y 1 is of infinite codimension and has density 1 in R. For each k ∈ N, let S(k) ≤ R denote instead the restricted Lie subalgebra generated by Y k and replace each occurrence of L k by N k = N ∩ R k so that S is constructed inside N .
4.3.
From free restricted Lie algebras to free pro-p groups. As in the previous section, let d ∈ N with d ≥ 2 and let R denote a free restricted F p -Lie algebra on d generators. We think of R as R = R(F ), the restricted Lie algebra associated to a free pro-p group F on d generators with respect to the Zassenhaus series. In this section we prove Theorem 1.3. For this we use Corollary 4.12 and a partial correspondence between certain restricted Lie subalgebras of R and certain subgroups of free pro-p groups. The correspondence relies on a direct application of Philip Hall's collection process, which we presently recall.
We describe the collection process in a free group Γ on finitely many generators x 1 , . . . , x d ; by taking homomorphic images it can subsequently be applied to arbitrary d-generated groups with a chosen set of d generators. The weight of group commutators in x 1 , . . . , x d and basic group commutators in x 1 , . . . , x d , including a total ordering, are defined in complete analogy to Definition 4.5. At the heart of the Hall collection process for groups is the basic identity uv = vu [u, v] , valid for all u, v ∈ Γ.
A finite product The collection process produces ordered product expressions for w modulo uncollected terms of higher weight, as follows. Suppose that the left-most occurrence of the smallest basic commutator in the uncollected part of the expression (4.1) for w is c l , in position l. Rewriting c l−1 c l , we obtain a new expression for w, with m + 1 factors:
where the new factor [c l−1 , c l ] is a basic commutator of higher weight than c l ; in particular, [c l−1 , c l ] > c l . If c l , now occupying position l − 1 in the product, is still in the uncollected part, we repeat the above step until c l becomes the right-most commutator in the collected part. For any given r ∈ N, carrying out finitely many iterations of the above procedure leads to an ordered product expression for w, modulo γ r+1 (Γ).
In order to apply the collection process to arbitrary elements of Γ, i.e., to products in x 1 , . . . , x d and their inverses, one would need to accommodate also for inverses c The collection process can be used to show that, for every element w ∈ Γ and every r ∈ N, there is a unique approximation
of w as a product of powers of the basic commutators b 1 , . . . , b t of weight at most r, appearing in order; see [20] and [19, Thm. 11.2.4] . The existence of the decomposition follows from the collection process; the uniqueness requires further considerations.
We apply the collection process to determine the Hausdorff spectrum of non-abelian free pro-p groups with respect to the Zassenhaus series.
Proof of Theorem 1.3. First we show that a single finitely generated non-abelian pro-p group F has full Hausdorff spectrum 
Let ϕ : ∆ → R(Γ) = n R n (Γ) denote the canonical map that sends each w ∈ Z n (Γ) Z n+1 (Γ) to wϕ = wZ n+1 (Γ) ∈ R n (Γ) for n ∈ N. We observe from Proposition (4.6) that, for every basic group commutator c and e ∈ N 0 , the Lie element (c p e )ϕ is equal to (c Lie ) [p] e ∈ R n (Γ), where c Lie is the basic Lie commutator corresponding to c and n = p e wt(c). In particular, the construction ensures that R Γ (∆) ⊇ S. It remains to show that wϕ ∈ S for every non-trivial element w ∈ ∆.
Let w ∈ ∆ {1}, and choose r ∈ N such that w ∈ Z r+1 (Γ). Then w is a finite product of basic group commutators from the generating set Y grp of ∆ and their inverses. However, working modulo the finite-index subgroup Z r+1 (Γ), we can avoid using inverses so that w = c 1 · · · c m with c 1 , . . . , c m ∈ Y grp , just as in (4.1). As Z r+1 (Γ) ⊇ γ r+1 (Γ), the collection process shows that, modulo Z r+1 (Γ), there is a finite product decomposition
where (i) b 1 , . . . , b t are basic group commutators that appear in order and can be obtained by taking successive commutators of c 1 , . . . , c m , and (ii) e 1 , . . . , e t , j 1 , . . . , j t ∈ N 0 with p ∤ j 1 · · · j t . Let n = min{p e i wt(b i ) | 1 ≤ i ≤ t} and set I = {i | 1 ≤ i ≤ t and p e i wt(b i ) = n}. Then w ∈ Z n (Γ) Z n+1 (Γ) and wϕ ∈ R n (Γ). Indeed, wϕ can be obtained from Now consider the finite direct product G = F 1 ×. . .×F r of finitely generated free pro-p groups F j , where
Observe that the Zassenhaus series Z : Z i (G), i ∈ N, of G decomposes as the product of the Zassenhaus series Z j :
Now let α ∈ [0, 1] and choose k ∈ {1, . . . , t} such that (k−1) /t ≤ α ≤ k /t. By (4.2), we find a subgroup H 1 ≤ c F 1 with hdim
Non-soluble Demushkin pro-p groups are finitely generated one-relator pro-p groups and can be regarded as pro-p analogues of surface groups; compare [47, Sec. 12.3] . They are, in some sense, the closest pro-p groups to being non-abelian free pro-p groups. Thus, it is a natural question to ask whether Theorem 1.3 can be extended to non-soluble Demushkin pro-p groups. The Zassenhaus series of non-soluble Demushkin groups is studied, for instance, in [36] . The central tools that we use to transfer information about free restricted Lie algebras to free pro-p groups are Hall's collection process and the basis theorem. Question 4.17. Is there a substitute for Hall's collection process and the basis theorem that can be applied to Demushkin pro-p groups G, in order to obtain a partial correspondence between restricted Lie subalgebras of R(G) and subgroups of G in the spirit of the present section?
5. Normal and finitely generated Hausdorff spectra
In this section we prove Theorems 1.5, 1.6 and 1.7. We recall from the introduction that the normal Hausdorff spectrum of a finitely generated pro-p group G, with respect to a filtration S, is hspec S (G) = {hdim Now suppose that at least one of the direct factors F j of G is non-abelian. Again, we argue essentially as in the proof of Theorem 1.5, using instead of Proposition 2.3, for S, the extension of Proposition 2.3 provided in the proof of Theorem 1.4 and, for Z, Proposition 4.13.
It only remains to justify the analogue of (4.4) with respect to the iterated verbal filtration S : G i , i ∈ N 0 . Suppose that, for i ∈ N, the group G i is generated by all values of group words in a set W i , and write G i = W i (G i−1 ) for short. As in the proof of Theorem 1.3, suppose that t + 1 ≤ j ≤ r and d = d(F 1 ) > d(F j ) =d. We may regard F j = x 1 , . . . , xd as a finitely generated subgroup of infinite index in F 1 = x 1 , . . . , x d . Observe that, for i ∈ N, There is also a natural interest in the finitely generated Hausdorff spectrum of a finitely generated pro-p group G, with respect to a filtration S, defined as • G is a finitely generated pro-p group of positive rank gradient, equipped with the Frattini series S, or • G is a finitely generated non-abelian free pro-p group or a non-soluble Demushkin pro-p group, equipped with an iterated verbal filtration S. In contrast, the finitely generated spectrum of a finitely generated non-abelian free prop group F with respect to the Zassenhaus filtration Z is currently unknown; compare Question 4.4 and Corollary 4. 16 .
Surprisingly, also the description of the finitely generated Hausdorff spectra of finite direct products G = F 1 ×. . .×F r of non-abelian free pro-p groups F j , with respect to the Frattini series F (or more general iterated verbal filtrations), appears to be more difficult than expected. For simplicity, suppose that G = F ×F is the direct product of two copies of a free pro-p group F with d(F ) = 2. It is easily seen that hspec 
